On the comparison of two numerical methods for conformal mapping by Gaier, D & Papamichael, N
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
TR/05/86                                                May 1986 
On the comparison of two numerical 
 methods for conformal mapping 
D. Gaier*  and N. Papamichael 
 
 
 
 
*    Mathematisches Institut,  Justus—Liebig—Universität,  D—6300 Giessen, 
Arndstrasse 2, Federal Republic of Germany. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
w9186360 
 
 
 
 
 
ABSTRACT
Let G be a simply-connected domain in the t—plane (t  = x + iy),  
bounded  by  the  th ree  s t ra igh t  l ines  x  =  0 ,  y  =  0 ,  x  =1  and  a  Jordan  a rc  
wi th  car tes ian  equa t ion  y  =  τ  ( X) .   Also ,  l e t  g  be  the  func t ion  which  maps                 
conformal ly  a  rec tang le  R  on to  G,  so  tha t  the  four  corners  o f  R  a re  
mapped  onto  those  of  G.   In  th i s  paper  we  show tha t  the  method  con-
s i d e r e d  r e c e n t l y  b y  C h a l l i s  a n d  B u r l e y  [ 2 ] ,  f o r  d e t e r mi n i n g  a p p r o x -  
ima t ions  to  g ,  i s  equ iva len t  to  a  spec ia l  case  o f  the  we l l -known method  
of  Garr ick [8]  for  the mapping of  doubly-connected domains,   Hence,  by 
u s i n g  r e s u l t s  a l r e a d y  a v a i l a b l e  i n  t h e  l i t e r a t u r e ,  w e  p r o v i d e  s o m e  
theore t ica l  jus t i f ica t ion  for  the  method  of  [2] .  
Keywords :       Numerical conformal  mapping, method of Garrick. 
Subject Classifications:       AMS (MOS) : 30C30; CR: 6.1. m.                                                               
Condensed t i t le :      Two numerical  methods for  conformal  mapping.  

  
 
1.   Introduction
       Let Ω be a given doubly-connected domain bounded by two closed              
Jordan curves, and let f  be a function which maps conformally a circular 
annulus A onto Ω.  Also, let G be a simply-connected domain of the form 
  G = {(x , y) : 0 < x < 1 , 0  < y  < τ (x)} ,     (1.1) 
and let g be a function which maps conformally a rectangle R onto G, so              
that the four corners of R are mapped onto those of G.  This paper is 
concerned with the comparative study of two numerical methods for computing 
approximations to the conformal maps f and g.  The two methods are res-
pectively the well-known method of Garrick [4,8,11-13,15], for the approx-
imation of f: A → Ω ,  and a method proposed recently by Challis and 
Burley [2],  for the approximation of g: R →  G.  The motivation for 
undertaking this study emerges from [7] and [10,p.p.73-74], where it  is 
pointed out that  the two methods appear to be closely connected,  for the 
following two reasons:  
( i )    The problem of  determining g:  R →  G is  equivalent  to  that  of  
determining f: A →  Ω ,  for a certain symmetric doubly-connected domain Ω . 
( i i )    Both methods are  i terat ive,  and both involve Fourier  analysis  and 
Fourier synthesis at  each i terative step.   Furthermore,  both methods can 
be made computationally efficient by the use of the fast  Fourier transform. 
In the present paper we investigate further the connection between 
the two methods,  and show that the method of Challis  and Burley is ,  in fact ,  
a  special  case of  the method of  Garr ick.   Hence,  by using resul ts  a l ready 
a v a i l a b l e  i n  t h e  l i t e r a t u r e ,  w e  p r o v i d e  s o me  t h e o r e t i c a l  j u s t i f i c a t i o n   
for  the method of  [2] ,   We also show that  the method of  Garr ick can be 
appl ied direct ly  to  the problem of  determining g:  R →  G,  for  a  wider   
c lass  of  domains than that defined by (1.1). 
2 
The  de ta i l s  o f  the  p resen ta t ion  a re  as  fo l lows :  
Sect ions 2  and 3 concern the method of  Garr ick,  and are  based on  
t h e  d e t a i l e d  t r e a t m e n t  c o n t a i n e d  i n  [ 4 , p . p . 1 9 4 - 2 0 7 ] .   M o r e  s p e c i f i c a l l y ,  
in  Sect ion 2 we summarize the theory on which the method is  based,  and   
i n  S e c t i o n  3  w e  d e s c r i b e  t h e  g e n e r a l  G a r r i c k  a l g o r i t h m .   I n  t h i s  l a t t e r  
section,  we also summarize the available theory concerning the convergence 
o f  the  method .  
In  Sec t ion  4 ,  we  descr ibe  the  s impl i f ica t ions  tha t  occur  in  the  
Garrick method, in the two cases where the boundary curves of Ω  are as 
fo l lows :   ( a )    Bo th  curves  a re  symmet r i c  wi th  respec t  to  the  rea l  ax i s .  
(b )   The  ou te r  cu rve  i s  the  un i t  c i r c le  and  the  inner  curve  i s  symmet r i c  
wi th  respec t  to  the  rea l  ax i s .  
Sect ion 5 contains  the main resul ts  of  the  paper .   Here we show that  
the  a lgor i thm of  Cha l l i s  and  Bur ley  i s  equ iva len t  to  the  s impl i f i ed  
algori thm of  Garr ick,  corresponding to  a  domain of  the form (b) .   We also 
show that  the  Garr ick algori thm, for  a  geometry of  the  form (a) ,  can be 
appl ied direct ly  to  the problem of  determining g:  R →  G,  in  the case   
where G has  the more general  form,  
 
G = {(x , y): 0  <  x  < 1 , τ1 (X)  <  y  < τ2 (x)} .     (1.2) 
 
F ina l ly ,  in  Sec t ion  6  we  present  the  resu l t s  o f  severa l  numer ica l  
experiments and make a number of observations concerning the convergence 
o f  the  method  o f  Gar r i ck ,  and  hence  o f  tha t  o f  Cha l l i s  and  Bur ley .  
2 .    P re l iminary  resu l t s
      Le t   be  the  annu lus  qA
    = { z : q < | z | < 1 } ,    0 < q < 1 ,     (2.1) qA
 
qA  .   On  the  and  l e t  the  func t ion  F  be  regu la r  in   and  con t inuous  on  qA
3 
 
 
boundary of  ,  let  qA
 
i φ    F(e )   =  u1 (φ)   +   iv1 (φ)    ,     0   ≤   φ   ≤  2π  ,                    (2.2) 
and 
 
  F(qei φ)  =  u2(φ)   +   iv2(φ)   ,   0   ≤   φ   ≤  2π ,         (2.3) 
 
and observe that 
φφ=φφ ∫∫ )diF(qe2π1)diF(e2π1
2π
0
2π
0
    
  
   =  α + iβ ,              (2.4) 
say .  Also  l e t  L  be  the  space  o f  r ea l  2π -pe r iod ic  func t ions  which  a re   2
square  in tegrab le  in  [  0 ,  2π  ]  ,  Then ,  the  rea l  and  imaginary  pa r t s  o f  the   
boundary  va lues  (2 .2 ) - (2 .3 )  a re  re la ted  by  
 
v1 (φ) = β + (K+ ) [u ( )] (φ)  +  [uqS ( )] (φ)         (2.5) qR • •1 2
and 
v (φ)   =  β  -   2  qS  [u1 ( • )] (φ)  -   (K + ) [uqR 2 ( )] (φ)         (2.6) •
where  K,   and   a re  th ree  l inea r  in tegra l  opera to r s  in  the  space  LqR  .  qS 2
These  oopera to rs  a re  de f ined  as  fo l lows .  
K  i s  the  we l l -known opera to r  fo r  con juga t ion  on  the  un i t  c i rc le .  
Tha t  i s ,  fo r  u∈L ,  K[u( • ) ] (φ )  i s  de f ined  by  the  Cauchy  pr inc ipa l                 2
va lue  in tegra l  
 
∫ ⎟⎠⎞⎜⎝⎛
−φ=φ• 2π
0
dt(t)u
2
tcotPV
2π
1:))](([uK                        (2.7) 
 
The  o the r  two  opera to r s ,   and   depend  on  the  rea l  pa ramete r  q ,  qSqR
0 <  q  <  1 ,  and  a re  de f ined  by  
 
∫ −φ=φ• 2π0 dt(t)ut)(qg2π1:)(])([uqR            (2.8)   
and 
∫ −φ=φ• 2π0 dt(t)ut)(qh2π1:)(])([uqS                (2.9)
4 
 
where the kernels    and  are  given by the absolutely  convergent  ser ies  qg qh
 
∑∞           
=
φ−=φ 1k
ksin
q1
q4)(q 2k
2k
g             (2.8a) 
and 
∑∞
=
φ−−=φ 1k
ksin
q1
q4)(qh 2k
2k
          .          (2.9a) 
The relations (2.5) - (2.6) are derived in [4, p. p. 194-197], where   
a l so  the  p roper t i e s  o f  the  opera to r s  K ,   and   a re  s tud ied  in  de ta i l ;  qR qS
s e e  a l s o  [ 1 6 , p . 5 6 8 ] ,  [ 1 1 ] ,  [ 1 2 , p . 4 9 9 ]  a n d  [ 1 3 ,  § 1 7 . 4 ] .   I n  p a r t i c u l a r ,  
we  no te  the  fo l lowing  th ree  bas ic  resu l t s :  
( i )    I f  u∈L ,  then  a l so  K[u] ,  [u ] ,  [u ]∈L .  qR qS2 2
( i i )   For  any  cons tan t  c ,  
       0[c]qS[c]qRK[c] === .                        ( 2 .10 ) 
( i i i )  Le t  s  (φ ;u )  deno te  the  Four ie r  se r i es  o f  a  func t ion  u∈L .   Tha t  i s  2
     ∑∞
=
φ+φ+φ
1k
,)ksinkbkcoska(2
a~)u;(s 0            ( 2 .11 ) 
,   a re  the  rea l  Four ie r  coef f i c ien t s  o f  u  .   Then ,  kbwhere  ka  
∑∞
=
φ+φ−φ
1k
,)ksinkakcoskb(~])u[K;(s           (2.12)
   
∑∞
=
φ+φ−−φ 1k
),ksinkakcoskb(q1
2q~[u])qR;s( 2k
2k
                  (2.13) 
 
∑∞
=
φ+φ−−
−φ
1k
.)ksinkakcoskb(q1
2q~])u[qS;(s 2k
k
                   (2.14) 
 
( In  fac t ,  the  se r ies  on  the  r igh t  o f  (2 .13)  and  (2 .14)  converge  
abso lu te  and  un i fo rmly .   For  th i s  r eason ,  the  s ign  "~"  in  (2 .13)  
and  (2 .14)  can  be  rep laced  by  "=" . )□  
5 
  We return now to the boundary values (2.2) - (2.3) of F, and let 
∑∞= =φ+φ+φ 1k ,2,1j;)ksinkj,bkcoskj,a(j,0a2
1~)ju;(s         (2 .15) 
Where ,  because  o f  (2 .4 ) ,  
                    .2aaa 2,01,0 ==                (2 .15a) 
Then it follows from (2.5) - (2.6) and (2.11) - (2 .14) , that 
 
∑∞
=
=φ+φ+φ
1k
,1,2j;)ksinkj,Bkcoskj,(Aβ~)jv;(s          (2.16) 
Where 
    
⎪⎪
⎪⎪
⎭
⎪⎪
⎪⎪
⎬
⎫
−+−=
−++−=
−−+=
−++−=
.)kq(1/)}kq(1ka
kqk{2akB
,)kq(1/)}kq(1kb
kqk2b{kA
,)kq(1/}kqk2a)
kq(1k{akB
,)kq(1/}kqk2b)
kq(1kb{kA
22
2,1,2,
22
2,1,2,
2
2,
2
1,1,
2
2,
2
,1,1
        (2 .l6a) 
F u r t h e r m o r e ,  i t  c a n  b e  s h o w n  e a s i l y  t h a t  t h e  L a u r e n t  s e r i e s  o f  t h e  
f u n c t i o n  F  i s  
               (2 .17) ∑∞
∞−=
∈=
k
,qAz,kzkcF(z)
w h e r e  
C0 = α + i β ,             (2 .17a) 
and  
⎪⎭
⎪⎬
⎫
−−+−=
−−−−=
− ;)
kq(1)}/kqkbk(bi)
kqkak{(a
kqkc
,)kq(1)}/kqkbk(bi)
kqkak{(akc
2
1,2, 1,2,
2
 2, 1, 2, 1,       (2 .17 b)   
k=  1 ,2 ,…. ;       
see  [4 ,p .197]  and  a l so  [11 ,p .20]  and  [16 ,p .569]  .              
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3 .       The  method  of  Gar r ick
Let ;    j  = 1,2,  be two Jordan curves in the w-plane,  which are jΩ∂
starl ike with respect to w = 0,  and are given in polar coordinates by 
 
,2,1j;}20,ie)(jw:w{j =π≤θ≤θθρ==Ω∂                   (3. 1) 
where  0 < ρ  (θ) < ρ  (θ) , θ∈ [0,2π].    Also,   let Ω be   the   doubly-connected 2 1
domain which is bounded   externally and  internally by ∂Ω   and   ∂Ω    respect- 1 2
ively,  i.e. 
    Ω = Int (∂Ω ) ∩ Ext (∂Ω ).                                (3. 2)  1 2
Then ,  fo r  a  ce r ta in  va lue  q ,  0  <  q  <  1 ,  Ω  i s  conformal ly  equ iva len t  to  
the  annu lus  
   =   { z  :  q  <  | z | <  1 }  ,                      ( 3. 3 ) qA
 
and  the  rec ip roca l  o f  the  inner  rad ius  
 
M   : =   1/q   ,                   ( 3. 4 ) 
 
i s  ca l l ed  the  conformal  module  o f  Ω  .  
Let  f  be the funct ion which maps conformally   onto Ω ,  and recal l  qA
the  fo l lowing  wel l -known resu l t s :   
qA  ,( i )  f  can  be  ex tended  cont inuous ly  to   
( i i )  On the  boundar ies  |  z  |  =  1  and  |  z  |  =  q  of  ,  f  i s  g iven  by  two qA
continuous boundary correspondence functions θ  and  θ1 2  ,  which are defined 
by  
,π20,)(θie))(θ(ρ)ie(f 111 ≤φ≤φφ=φ                                      ( 3. 5 ) 
and  
,π20,)(θie))(θ(ρ)iqe(f 222 ≤φ≤φφ=φ           ( 3. 6 )  
( i i i )   The requirement  that  |  z  |  =  1  is  mapped onto ∂Ω  def ines  f  uniquely,  1
apar t  f rom a rotat ion in  the z-plane.   Here,  we normalize  the mapping by 
requir ing that  
7 
 
∫∫ =φφ−φ=φφ−φ 2π0 22π0 1 0d))((θd))((θ .  □             ( 3 . 7 ) 
 
The  method of  Garr ick  involves  the  i te ra t ive  so lu t ion  of  th ree  
nonl inear  in tegra l  equat ions ,  for  the  unknown boundary  cor respondence  
func t ions  θ  and  θ ,  and  the  unknown inner  rad ius  q  o f  .   The  method  qA1 2
i s  b a s e d  o n  a p p l y i n g  t h e  r e s u l t s  o f  S e c t i o n  2  t o  t h e  a u x i l i a r y  f u n c t i o n  
 
F(z)  :  =  log {f  (z) /z} 
           =    log |  f  (z) /z  |  +  i  (argf(z)  -  argz)  .       ( 3 . 8 )  
 
qAThis  func t ion  i s  r egu la r  and  s ing le -va lued  in  ,  con t inuous  on  qA  
and  has  the  boundary  va lues  
 
))((θi))(θ(ρlog)iF(e 111 φ−φ+φ=φ                     (3. 9) 
and 
))((θiqlog)((θρlog)iF(qe 222 φ−φ+−φ=φ  .          (3.10) 
Therefore ,  the  re la t ions  (2 .5)  -  (2 .6)  ho ld  wi th  
            (3.11)   qlog))((θρlog)(u,))((θρlog)(u 222111 −φ=φφ=φ
and 
             ( 3. 12) .2,1j;)(jθ)(jv =φ−φ=φ
M o r e  s p e c i f i c a l l y ,  b e c a u s e  o f  ( 3 . 7 ) ,  t h e  c o n s t a n t  g  i n  ( 2 . 5 )  -  ( 2 . 6 )  
is  zero and the two relations give respectively 
 
)())]((θρ[logqS)())]((θρ[log)qRK()(θ .. 22111 φ+φ++φ=φ             ( 3. 13)             
and 
)())]((θρ[log)qRK()())]((θρ[logqS)(θ .. 22112 φ+−φ−φ=φ             (3. 14 ) 
( In  de r iv ing  (3 .13)  -  (3 .14) ,  we  made  use  o f  the  fac t  tha t  
)qRK( +  [ logq]  =   [ logq]  =  0 ;   see  .  (2 .10) . )   Also ,  f rom (2 .4 ) ,  qS qE
8 
 
 
- log q  =  log  M 
            
∫ φφ−φ= 2π0 2211 d))}((θρlog))((θρ{log2π1          (3. 15) 
 
Thus ,  the  func t ions  ;    j  =  1 ,2 ,  and  the  rad ius  q  of   sa t i s fy  the  qAjθ  
equations (3.13) -  (3.15) .   These three equations are known as the   
in tegra l  equa t ions  of  Garr ick .  
The  ex is tence  of  a  so lu t ion  (θ 1 ,θ ;q )  of   (3 .13)  -  (3 .15)  i s  guar -2
an teed  by  the  fac t  tha t  any  doubly-connected  domain  i s  conformal ly  
equiva len t  to  a  c i rcu lar  annulus .   Regard ing  uniqueness ,  we  have  the  
fo l lowing  theorem which  i s  proved  in  [4] .  
Theorem 3.1  ( [4 ,p.200] ,    The equat ions (3.13)  -  (3  .15)  a lways have a  
un ique  so lu t i on  (θ ,θ  ; q )  ,  s u c h  t h a t  t h e  fu n c t i o n s  ;   j  =  1 , 2 ,  a r e  jθ1 2  
cont inuous and s t r ic t ly  monotonic  increasing in  [0 ,2π]  .□  
 
Another uniqueness result ,  which does not invlove the monotonicity 
r equ i r emen t  o f  Theo rem 3 .1 ,  i s  a l so  e s t ab l i shed  i n  [ 4 ] ,  unde r  t he  
assumpt ion  tha t  the  boundary  curves  ∂Ω ;  j  =1 ,2 ,  sa t i s fy  an  εδ -cond i t ion .  j
This  condi t ion  i s  def ined  as  fo l lows .   
Defini t ion 3.1  ( [4 .p.200])  .   The Jordan curves 
 
           ;      j = 1, 2   ,                         (3. 16) }20,ie)(jρw:{wjΩ π≤θ≤θθ==∂
 
a re  sa id  to  sa t i s fy  an  εδ -condi t ion  i f :  
 
(i)     ρ1 (θ)  ≥: 1  and    ρ2  (θ)  ≤  m  < 1 . 
 
(ii)   There exist positive constants a,b and e such that 
 
ε)(1b)(ρε)(1bandε)(1a)(ρε)(1a 2
1
1
1 +≤θ≤++≤θ≤+ −−  .            (3. 17) 
 
( i i i )  The  func t ions  (θ ) ;    j  =  1 ,2 ,  a re  absolu te ly  cont inuous  in  jρ
[0 ,2π ]  and ,  for  a lmost  a l l  θ∈  [0 ,2π ]  ,  
9 
 
,,;|)(/)('| 21jδεθjρθjρ =≤              (3. 18) 
where 
.
m)(1
4m
m1
m1
δ 2
1
−+−
+=−        □                     (3.18a)     
Theorem 3 .2    ( [4 ,p .200]) .   I f  the  boundary  curves  ;   j  =  1 ,2 ,  jΩ∂  
s a t i s fy  an  εδ -condi t ion  wi th  some ε  <  1 ,  then  the  equat ions  (3 .13)  -
(3 .15)  have  a  unique  so lu t ion  (θ  θ  1 2  ;q ) ,  wi th  cont inuous   ;   j=1 ,2 .jθ □  
We consider now the following Jacobi type i teration for the 
ana ly t i c a l  so lu t i on  o f  Eqs  (3 .13 )  -  ( 3 . 15 ) .  
I te ra t ion  3 .1
( I )  Se t  
    .2,1j;)(θ (0)j =φ=φ
( I I )  Do s teps  (a )  and  (b)  ,  wi th  n  =  0 ,1 ,2 , . . .  ,  un t i l  convergence :  
(a )  Determine  nq   by  means  of  
{ }∫ φφ−φ=− π20 2221 .d))((n)(θρlog)((n)(θρlog2π1nqlog  
(b)  Determine  
)())((n)(θρlognqS)())(
)n((θρlog)n.qR(K)(
n)(θ .. 22111 φ⎥⎦
⎤⎢⎣
⎡+φ⎥⎦
⎤⎢⎣
⎡++φ=φ   
and  
.)())((n)(θρlog)
.nq
R(K)())((n)(θρlognqS)(
)(nθ .. 2211
1
2 φ⎥⎦
⎤⎢⎣
⎡+−φ⎥⎦
⎤⎢⎣
⎡−φ=φ+ □ 
The following convergence theorem is proved in [4].   
Theorem 3 .3   ( [4 ,p .202]) .   Le t  the  boundary  curves  ;   j  =  1 ,2 ,       jΩ∂  
s a t i s fy  an  εδ -condi t ion ,  wi th  some  ε  <  1 ,  and  le t  (θ ,  θ ;q )  be  the   1 2
u n i q u e  s o l u t i o n  o f  E q s  ( 3 . 1 3 )  -  ( 3 . 1 5 ) .   A l s o ,  l e t   b e    )nq;
(n)θ,(n)(θ 21
the  n th  i te ra t ive  va lues  of  I te ra t ion  3 .1 .   Then ,  
10 
 
,21,j;nε2ππA|(φφjθ(φφ
(n)
jθ|
2 =≤−               (3.19) 
and 
,nεA
4
1|qnq|
1+≤−                (3. 20)     
where 
.2ε1
ε4Bandε
m1
m12A −=⎟⎠
⎞⎜⎝
⎛
−
+= □             (3.21) 
 
I n  p r a c t i c e ,  I t e r a t i o n  2 . 1  i s  p e r f o r m e d  i n  d i s c r e t i z e d  f o r m  
w h e r e ,  i n  e v e r y  i t e r a t i v e  s t e p ,  e a c h  o f  t h e  f u n c t i o n s  l o g  ;  ))(j(j φθρ
j  =  1 , 2 ,  i s  r e p l a c e d  b y  i t s  i n t e r p o l a t i n g  t r i g o n o m e t r i c  p o l y n o m i a l  o f  
degree  N cor responding  to  the  nodes   rπ /N;   r  =  0  (1)  2N-1 .  The  resu l t ing  
a l g o r i t h m  i s  b a s e d  o n  t h e  r e s u l t s  ( 2 . 1 5 )  -  ( 2 . 1 6 ) ,  a n d  m a y  b e  s t a t e d  a s  
fo l lows .  
Algor i thm 3 .1 .
(I) Se t  
      2,1j;)(θ 0j =φ= .
 
( I I )  Do s teps  (a ) ,  (b )  and  (c )  wi th  n  =  0 ,1 ,2 , . . . ,  un t i l  convergence :  
(a)  Compute the coefficients   and  of the tr igonometric (n)j,ka
(n)
j,kb
Polynomia ls  
 
∑−= =φ+φ+φ+=φ
1N
0k
,2,1j;Ncos(n)Nj,a2
1)ksin(n)j,kbkcos
(n)
j,k(a
(n)
j,0a2
1)((n)jT  
                    (3.22)
  
W h i c h  i n t e r p o l a t e  t h e  f u n c t i o n   a t  ,2,1j;)((n)j(θjρlog =φ
t h e  p o i n t s  
.1N2)1(0r;/Nrr −=π=φ  
Tha t  i s ,  
⎪⎪
⎪
⎭
⎪⎪
⎪
⎬
⎫
−
=
−=φφ=
−
=
=φφ=
∑
∑
12N
1r
.1N(1)1k;rsin))r(
(n)
j(θjρlogN
1(n)
j,kb
and
12N
0r
,N(1)0k,kcos))r.(
(n)
j(θjρlogN
1(n)
j,ka r
      (3 .22a)  
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(b)  Compute  nq  by  means  of  
 
)(n)a(n)(a
2
1
nqlog 2,01,0 −=−     
    ∑−= φ−φ=
12N
0r
))}r(
(n)(θρlog))r(
(n)(θρ{log
2N
1
1211         (3.23) 
(c )  Wi th  r  =  0(1)2N-1 ,  compute  the  va lues ,  
)r(])(
(n)[TnqS)r(])(
(n)[T)
nq
R(Kr)r(
1)(nθ .. 211 φ+φ++φ=φ+  
and 
 
)r(])(
(n)[T)nqRK()r()](
(n)T[nqSr)r(
1)(nθ .. 112 φ+−φ−φ=φ+  
 
Tha t  i s ,  f rom (2 .15) - (2 .16)   
 
,10(1)2Nr;}rksin
(n)
j,kBr
1N
1k
kcos(n)j,k{Ar)r(
1)(n
jθ −=φ+φ
−
=
+φ=φ+ ∑       (3.24) 
 
Where ,  for  k  =  1(1)N,  
 
And         (3.24a) 
⎪⎪
⎪⎪
⎪
⎭
⎪⎪
⎪⎪
⎪
⎬
⎫
−+−=
−++−=
−−+=
−++−=
,)knq(1)}/
k
nq(1
(n)
ka
k
nq
(n)
k{2a
(n)
kB
,)knq(1)}/
k
nq(1
(n)
kb
k
nq
(n)
k2b{
(n)
kA
,)knq(1}/
k
nq
(n)
k2a)
k
nq(1
(n)
k{a
(n)
kB
  ,)knq(1}/
k
nq
(n)
k2b)
k
nq(1
(n)
kb{
(n)
k,A
2
,,,
,,2,
,,,
,,1
2
212
22
21
2
2
2
11
2
2
2
1
with 
.0(n)Nb
(n)
Nb ,, 21 =− □ 
The coeff ic ients    j  =1,2,  in  Step II (a)  of  the  ;(n)j,kb,
(n)
j,ka
a lgor i thm can  be  computed  e f f i c ien t ly ,  in  0 (NlogN)  opera t ions  by  the  
u s e  o f  t h e  f a s t  F o u r i e r  t r a n s f o r m  ( F F T ) .   S i m i l a r l y ,  i n  S t e p  I I ( b ) ,  
the  computa t ion  o f  the  va lues   (φ ) ;   j  =  1 ,2 ,  can  be  pe r fo rmed  by                 jθ j
t h e  u s e  o f  t h e  F F T .   T h a t  i s ,  t h e  a l g o r i t h m  r e q u i r e s  t h e  a p p l i c a t i o n  
o f  four  FFT s  in  each  i t e ra t ive  s t ep ;  see  [12 ,13] .  
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j,k
~b,j,k
~a j,k
~B,j,k
~ALet   and   be  the  f ina l  computed  va lues  of  the  
~qcoef f ic ien ts  (3 .22a)  and  (3 .24a) ,  and  le t   be  the  f ina l  approximat ion                  
to  t h e  i n n e r  r a d i u s  q .  T h e n ,  a t  p o i n t s  o n  t h e  b o u n d a r i e s  | z |  =  1 a n d     
| z  |  =  q  of  A  ,  the  mapping  func t ion  i s  approximated  by  q
⎪⎭
⎪⎬
⎫
φ+φ=
φ+φ=
φ
φ
,)}(~iθ)(~{Texp)(e~f
and
)}(~θi)(~{Texp)(e~f
11
)i
11
)i
         (3. 25) 
 
w h e r e  ;~T  j j  = 1 , 2 ,  a r e  t h e  f i n a l  i n t e r p o l a t i n g  p o l y n o m i a l s ,  a n d  
~   j  =  1 ,2 ,  a re  the  f ina l  approx imat ions  to  the  boundary  cor respond-θj ;
e n c e  f u n c t i o n s  θ j  ;   j = 1 , 2 .  T h a t  i s ,  
⎪⎪
⎪
⎭
⎪⎪
⎪
⎬
⎫
=φ+φ+φ+φ=φ
φ+φ+φ+=φ
∑
∑
−
=
−
=
1N
1k
Nj,kj,kj,j
1N
1k
jN,kj,kj,j0,j
.2,1j;Nsin~B
2
1)ksin~Bcosk~A()(~θ
and
Ncos~a
2
1)sink~bcosk~(a~a
2
1)(~T
      (3. 25a) 
At  in te r ior  po in ts  z  ∈A  ,  f (z )  may be  approximated  by  making  use   q
o f  t h e  L a u r e n t  e x p a n s i o n  ( 2 . 1 7 )  o f  t h e  a u x i l i a r y  f u n c t i o n  F .   T h a t  i s ,  
 
              (3. 26) ⎭⎬
⎫
⎩⎨
⎧= ∑
−=
N
Nk
k
k
~ zczexp(z)f
Where ,  wi th  b 1 , N  =  b 2 , N  =  0  ,  
~a~c 1,00 =     /2           (3. 26a)  
and  
)~q(1)}/~q~b~(bi)~q~a~{(a~c 2kkk2,k1,
k
k2,k1,k −−−−=             (3. 26b) 
.N(1)1k;)~q(1/)}~q~b
~
(bi)~q~a~{a~q~c 2kkk1,k2,
k
k1,k2,
k
k =−−+−=−  
 
i  φ  i  φNatura l ly ,  when z  =  e  and  z=qe  ,  (3 .26)  s impl i f ies  to  (3 .25) .   There-  
fore ,  E .  (3 .26)  can  be  used  to  represent  the  approximate  conformal  map  q
(z)~f  a t  any  poin t  z  ∈Ā  .  q
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=;x(n)jLe t    j   1 ,2 ,  denote  respec t ive ly  the  2N—dimens iona l  co lumn 
vec tors  { } ,2,1j;)(θx 12N
0rr
(n)
j
(n)
j =φ= −=           (3 .27)  
 
where     j  =  1 ,  2 ,   a re  the  n th  i t e ra t ive  va lues  genera ted  by  ;)(θ r
(n)
j φ
Algor i thm 3 .1 .  Then ,  the  resu l t s  o f  the  fo l lowing  theorem are                 
es tab l i shed  in  [11] .  
Theorem  3 .4 .    ( [11 ,  Theorems  4 .6 ,6 .1  and  12 .1) ,  Le t  the   boundary  
curves  ∂Ω j  ;    j  =  1 ,2 ,  sa t i s fy  an  εδ -condi t ion ,   wi th  some ε  <  1 ,   and   l e t   
(θ ,  θ ;  q )  be  the  unique  so lu t ion  of  Eqs  (3 .13)  -  (3 .15) .  Also ,  l e t  1 2
  { } .2,1j;)(θx 12N0rrjj =φ= −=           (3 .28)  
 
)}q;x,x{( n
(n)
2
(n)
1Then ,  the  sequence  of  i t e ra tes  ,  genera ted  by  
)q;x,x( **2
*
1Algor i thm 3 .1 ,  converge  l inear ly  to  a  un ique  so lu t ion   
where  
(1/N)0||xx||||xx|| 2
*
21
*
1 =−+−          (3 .29)  
and 
*   |q -q |  = 0(1/N) .          (3 .30)  
 
Fur thermore ,   i f  the  func t ions   ρ j  ;   j  =  1 ,  2 ,   sa t i s fy  the  addi t iona l  
condi t ion  
 
,θθM)(θ
ρ
ρ
)(θ
ρ
ρ
212
j
'
j
1
j
'
j −≤−        (3 .31)     
 
for  some M > 0,    then 
 
)(1/N0||xx||||xx|| 22
*
21
*
1 =−+−          (3 .32)  
and  
*     | q -q | = 0(1 /N 2 )  .  
 
(Given  a  vector  { } 12N0rrxx −== ,  the   norm | |  . | |   in   (3 .29)   and  (3 .32)   i s  
def ined  by 
14 
 
.)x
2N
1:||x||
2
1
12N
0r
2
r ⎭⎬
⎫
⎩⎨
⎧= ∑−
=
□  
 
4 .    Special  geometr ies                                                                                  
4 .1  Symmetr ic  boundary curves
    I f  the two boundary curves  ∂Ω j  ;   j  =  1 ,2 ,  are  both symmetr ic  with  
respect  to  the real  axis ,  then 
,2,1j;)(jθ)(jθ =φ−=φ−          (4 .1)  
and 
  2,1j;))(j(θjρlog)(j(θjρlog =φ=φ− ,         (4 .2)  
 
Therefore ,  i f  u ,  and v ;   j  =  1 ,2 ,  denote  the funct ions (3 .11)  and (3.12) ,  j j
then u  (-φ) = u  (-φ) , v  (-φ) = v  (-φ);  j = 1,2,  and the results (2.15)- (2.17) j j j j
s impli fy  as  fol lows:  
 
R4.1.1.    The Fourier  ser ies  of  the funct ions u ;   j  =  1 ,2 ,  are  of  the j
form 
∑∞
=
=φ+φ
1k
.2,1j;kcoskj,aj,0a2
1~)ju;(s                (4 .3)  
 
That  is ,  the  s ine coeff ic ients  b .  ,  in  (2 .15)  are  a l l  zero.□  
 
R4 .1  .2 .    The Fourier  ser ies  of  the conjugate  funct ions v j  ;   j  =  1 ,2 ,  are  
∑∞
=
=φφ
1k
,2,1j;ksinkj,B~)jv;(s        (4 .4)  
where the coeff ic ients  B   and B   are  given by the second and fourth 1 , k 2 , k
formulae in  (2 .16a) .  □
 
R4.  1  .3 .    The Laurent  ser ies  expansion of  the auxi l iary funct ion F is  
     ,          (4 .5)  ∑∞
−∞=
=
k
k
kzcF(z)
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where the c  are  a l l  real  and are  given by k
 
c =  a0   1 , 0  /2  ,          (4 .5a)  
and 
 
kck  =  {a1 , k  -  a 2 , kq }/  (1-q2 k k  2 k)  ,  c = {a q –a q } /(1-q2k) ;  - k  2 , k 1 , k
k  = 1,2, . . .  .              (4 .5b)  □
 
I terat ion 2.1  and the resul ts  of  Theorems 3.1-3.4 remain unchanged,  
but  because of  R4.1.1,  formulae (3.22)  and (3.23)  of  Algori thm 3.1 
s implify  respect ively to ,  
∑
=
=φ=φ
N
0k
(n)
kj,
(n)
j ,2,1j;kcosa)(T         (4 .6)  
with 
∑
=
=φφ=
,N
0r
rr
(n)
jj
(n)
kj, ,(1)N0k;kcos))((θρlogN
2a        (4 .6a)  
and 
.}))((θρlog))((θρ{log
N
1qlog
N
0r
r
(n)
22r
(n)
11n ∑
=
φ−φ=−         (4 .7)   
( I n  t h e  a b o v e  t h e  p r i m e  i n d i c a t e s  t h a t  t h e  f i r s t  a n d  l a s t  t e r m s  o f  
t h e  s e r i e s  a r e  t o  b e  t a k e n  w i t h  w e i g h t  1 / 2 ) .   A l s o ,  b e c a u s e  o f  R 4 . 1 . 2 ,  
e q u a t i o n  ( 3 . 2 4 )  s i m p l i f i e s  t o  
 
,1(1)N1r;sinkB)(θ r
1N
1k
(n)
kj,rr
1)(n
j −=φ+φ=φ ∑−
=
+                             (4 .8)  
 
where the coeff ic ients     and    are  given by the second and fourth (n)k1,B
(n)
k2,B
formulae in   (3 .24a) .    Final ly ,  because of   R4.1.3,   the  ser ies  (3 .26)  for  
~fthe approximate  conformal  map  s implif ies  as  indicated by (4.5) .  
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4.2  Circular  outer  boundary and symmetr ic  inner  boundary
      I f  the  boundary ∂Ω  of  Ω  i s  the  uni t  c i rc le ,  then ρ (θ )  = 1 and 1 1
(3 .13)  -  (3 .15)  s implify  respect ively to  
 ,)()](.)(θρ[logS)(θ 22q1 φ+φ=φ          (4 .9)  
        )()](.)(θρ[log)R(K)(θ 22q2 φ+−φ=φ         (4 .10)  
and 
.d))((θρlog
2π
1qlog
2π
0 22
φφ= ∫            (4 .11)  
 
Therefore ,  in  this  case,  only the las t  two equat ions (4 .10)  -  (4 .11)  
need to  be solved i terat ively for  the unknowns θ   and q.   Because of  2
this ,  I terat ion 3.1  s implif ies  considerably as  indicated below.  
I terat ion 4.1   
( I )  Set  
      .  φ=(0)2θ
( I I )    Do s teps  (a)  and (b) ,  wi th  n  = 0,1 ,2 , . . . ,  unt i l  convergence:  
 
  (a)  Determine q   by means of  n
∫ φφ= 2π0 (n)22n .d))((θρogl2π1qlog  
(b)  Determine 
.)()](.)(θρ[log)R(K)(θ (n)22q
1)(n
2 n
φ+−φ=φ+  □
 
Fur ther  substant ia l  s impli f icat ions  occur  i f ,  in  addi t ion to  ∂Ω 1  
being the uni t  c i rc le ,  the  inner  boundary ∂Ω  i s  symmetr ic  with  respect  2
to  the real  axis .  In  this  case,  corresponding to  R4.1.1 -  R4.1.3,  we 
have the fol lowing resul ts .  
R4.  2 .1 .    The Fourier  ser ies  of  the funct ion   qlog))((θρlog)(u 222 −φ=φ
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is  of   the   form,  
∑∞
=
φφ
1k
k2,2 .kcosa~)u;(s         (4 .12)  
(The coeff ic ient   a2 , 0  i s  zero,  because  □  ).0d)(u
2π
0 2∫ =φφ
R4. 2.2 .    The Fourier  ser ies  of  the conjugate  funct ions  ;)(θ)(v jj φ−φ=φ  
j  =  1 ,2 ,  are  
∑−
=
=φφ
1N
1k
kj,j ,2,1j;ksinB~)v;(s       (4 .13)  
where 
k   B1 , k  =  -  2a2 , kq /  (1-q2 k)  ,               (4 .13a)  
and       
   B2 , k  =  -  a2 , k  (1-q2 k) /  (1-q2 k)  .  □
 
R4.2.3.     The Laurent  ser ies  expansion of  the auxi lary funct ion F is  
                (4 .14)  ∑∞
=
−=
1k
kk
k ,)1/z(zcF(z)
where the c   are  a l l  real  and are  given by.  k
  Ck  =  -  qka /  (1-q2 k)  ;   k  = 1,2 ,… .                 (4 .14a)  2 ,  k   □
The resul t ing s implif ied a lgori thm can be s ta ted as  fol lows:  
Algori thm 4.1 
     ( I )    Set  
     θ (0)2 φ= .
( I I )    Do s teps  (a) ,   (b)   and  (c) ,   wi th  n  = 0,1 ,2 , . . . ,  unt i l  convergence:  
(a)   Compute the coeff ic ients    of  the  t r igonometr ic  poly-  (n)k2,a
   nomial  
∑
=
φ=φ
N
0k
(n)
k2,
(n)
2 ,kcosa)(T          (4.15) 
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which  in te rpola tes  the  func t ion     a t  the  po in ts  ))((θρlog (n)22 φ
 
 =  rπ/N ; r = 0(1)N  . φ r  
Tha t    i s ,  
∑
=
φφ=
N
0r
rr
(n)
22
(n)
k2, .kcos))((θρlog'N
2a       (4 .15a)  
(b)  Compute  q   by  means  of  n
(n)
2,0n a2
1qlog =         
.)((θρlog'
N
1
r
(n)
22
N
0r
φ= ∑
=
                (4 .16)  
(c )  Compute  the  va lues  
  
              (4 .17)  ∑−
=
+ =φ+φ=φ
1N
1k
r
(n)
k2,rr
1)(n
2 ,(1)N0r;ksinB)(θ
where  
.)q(1)/q(1aB 2kn
2k
n
(n)
k2,
(n)
k2, −+−=         (4 .17a)  
 
k2,
~a ~qLet  and   be  respec t ive ly  the  f ina l  computed  va lues  of  the  
c o e f f i c i e n t s  ( 4 . 1 5 a )  a n d  t h e  f i n a l  a p p r o x i ma t i o n  t o  q .  T h e n ,  b e c a u s e  
of  R4.2 .3 ,  formula  (3 .26)  for  the  approximate  conformal  map s impl i f ies  to  
⎭⎬
⎫
⎩⎨
⎧ −= ∑
=
N
1k
kk
k )1/z(z~czexp(z)
~f        (4 .18)  
where  
)~q(1/a~~q~c 2kk2,
k
k −−= .           (4 .18a)       
The results of Theorems 3.1-3.4 remain unchanged but,  because  
(θ )  ≡  1 ,  Def in i t ion  3 .1  of  the  εδ -condi t ion  s impl i f ies  in  an  obvious   ρ 1
manner .   In  par t icu la r ,  the  requi rements  (3 .16)  and  (3 .18)  s impl i fy  
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respec t ive ly  to  
(θ )  ≤  m <  1        (4 .19)  ρ 2
and  
.δε|)θ(/ρ)(θρ| 2
'
2 ≤        (4 .20)  
 
Fur thermore ,  i t  fo l lows  eas i ly  f rom the  ana lys i s  in  [4 ,p .p .203-206]  
- 1tha t ,  in  th i s  spec ia l  case ,  the  va lue  of  δ   can  be  taken  as  
.
m1
4mm1
m1
1
δ 2
2
2
2
1
⎭⎬
⎫
⎩⎨
⎧
−++−=
−      (4.20a) 
 
5 .  The  method of  Chal l i s  and  Bur ley  [2]  and  i t s  connec t ion
to  the  method of  Garr ick
Let  G be  a  s imply-connec ted  domain  in  the  t -p lane  ( t=x+iy) ,  
bounded  by  the  three  s t ra ight  l ines  x  =  0 ,  y  =  0 ,  x  =  1  ,  and  a  Jordan                     
a rc  wi th  car tes ian  equa t ion  y  =  τ  (x ) ,  where   τ   i s  pos i t ive   in  [0 ,1] ,   i . e .  
 
G =  {(x ,y)  :  0  <  x  <  1  ,  0  <  y  <  τ  (x )}  .        (5 .1)  
 
Also ,  l e t  A j  ;   j  =  1(1)4 ,  be  the  four  corners  of  G,  i . e .  
 
A  =  (0 ,0)  ,   A  =  (1 ,0)  ,   A  =  (1 ,τ  (1 ) )  ,   A  =  (0 ,τ  (0 ) )  ,       (5 .2)  1 2 3 4
 
and  le t  R  denote  the  rec tang1e  H
 
  R =  { (ξ ,η )   :   0  <  ξ  <  ,  0  <  η  <  H}  ,       (5 .3)  H
 
in  the  ζ -p lane  (ζ  =  ξ  +  iη )  .   Then ,  i t  fo l lows  f rom the  Riemann mapping  
theorem tha t ,  fo r  a  cer ta in  H,  there  ex is t s  a  un ique  conformal  map 
g :  R H→  G,  which  takes  the  four  ver t ices  (0 ,0) ,  (1 ,0) ,  (1 ,H)  and  (0 ,H)   
of  R H  respec t ive ly  onto  the  four  corners  A j  ;   j  =  1(1)4 ,  o f  G.   The  unique  
va lue  of  H for  which  the  above  conformal  map i s  poss ib le  i s  ca l led  the  
conformal  module  of  the quadri la teral  def ined by the four  boundary 
20 
 
 
po in ts  A  ;   j  =  1  (1)4 ;    see   [5 ,6 ,14] .  j
 
The  purpose  of  th i s  sec t ion  i s  to  show tha t  the  a lgor i thm proposed  
recent ly  by  Chal l i s  and  Bur ley  [2] ,  for  comput ing  approximat ions  to  the  
conformal  module  H and the mapping funct ion g,  is  equivalent  to  applying 
the s implif ied Garr ick Algori thm 4.1 to  a  cer ta in  doubly-connected domain   
Ω .  Our  method of  ana lys i s  i s  based  on  the  fo l lowing  two observa t ions ;  
see [7]  and [10,p.p.73-74]:  
( i )    By  us ing  the  Schwarz  re f lec t ion  pr inc ip le ,  the  conformal  map g  
can be extended to map the infinite strip {(ξ,η) : -∞ < ξ < ∞, 0 < η <(H}  
on to  the  inf in i te  domain  bounded  by  the  x-ax is  and  the  curve   (x)τ^y =
where   i s  the  per iodic  func t ion  def ined  by  τ^
,1x0,(x)τx)(τ^ ≤≤=±  
    (5 .4)  
τ^  (2+x)  =  (x)  .  τ^
T h i s  a l s o  s h o w s  t h a t  t h e  f u n c t i o n  g (ζ )  -  ζ  i s  p e r i o d i c  w i t h  p e r i o d  2 .  □
( i i )   The  exponent ia l  func t ion  
    w =  exp( iπ t )                  (5 .5)  
maps G conformally onto the upper  half  of  a  symmetr ic  doubly-connected 
domain  Ω ,  bounded  ex terna l ly  by  the  uni t  c i rc le  
∂Ω 2  =  {w :  w =  p (θ )e i θ   ,   0  ≤  θ  ≤  2π}   ,        (5 .7)  2
where  
(θ )  =  exp{-πτ  (θ /π )}  ,   0  ≤  θ  ≤  π  ρ 2
and                (5 .7a)  
 ρ 2  (2π -θ )  =  ρ (θ )  ,          π  <  θ  ≤  2π  .  2
S imi la r ly  
z    =   exp  ( iπζ )          (5 .8)  
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maps  the  rec tangle  R  conformal ly  onto  the  upper  ha l f  o f  the  annulus  H
 
A   =  {z  :  q  <  | z |  <  1}  ,           (5 .9)  q
where  
q  =  exp  ( -πH) .     (5 .9a)  □          
 
I t  fol lows from the above that  the problem of  determining g :  R →G H
is equivalent to that of determining f :A  → Ω, where Ω = Int (∂Ω )∩ Ext (∂Ω ) q 1 2
is  the  doubly-connected domain bounded by the uni t  c i rc le  (5 .6)  and the 
symmetr ic  curve (5 .4) .   That  is ,  the  problem considered by Chal l is  and 
Bur ley  [2]  i s  equiva len t  to  a  problem of  the  type  s tud ied  in  Sec t ion  4 .2 ,  
Because of  this ,  the  equat ions on which the method of  [2]  is  based emerge 
easi ly  f rom the resul ts  R4.2 .1  –  R4 .2 .3 ,  as  fol lows.  
Le t  
               (5 .10)  ,}iH)(ξg{Re:)(ξx^ +=
so  tha t  
, .1ξ0,))(ξ^(x i)(ξx^iH)g(ξ ≤≤+=+ τ      (5 .11)  
Then ,  s ince  
,zlog
iπ
1giexpf(z) ⎭⎬
⎫
⎩⎨
⎧ ⎟⎠
⎞⎜⎝
⎛π=       (5 .12)  
the  func t ions   and   a re  re la ted  to  the  inner  boundary  cor res -)(x^ ξ ))(x^( ξτ
pondence  func t ion  θ  o f  the  conformal  map f  by  2
)(θ1)(x^ 2 πξπ=ξ            (5 .13)  
and  
.10,))((θρlog1))(x^( 22 ≤ξ≤πξπ−=ξτ      (5 .14)  
Therefore ,  the  resu l t s  R4,2 .1  -  R4.2 .3  imply  the  fo l lowing:  
R5.1 .      Le t  
qlog1)((θρlog1:)(u^ 22 π+ξππ−=ξπ            (5 .15)  
        H))(x^(^ −ξτ= .
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Then ,  
,kcosa^~)u^;(s
1k
k ξπξπ ∑∞
=
       (5 .16)  
 
where   the  coef f ic ien ts  a re   re la ted  to  those  of   (4 .12)  by  ka^
.a1a^ kk π−=           (5 .16a)  □
R5.2 .   Le t    
))(θ(1:)(v^ 2 ξπ−ξππ=ξπ        
         (5 .17)  .)(x^ ξ−ξ=
Then,   
,ksinB^~)v^;(s
1k
k ξπξπ ∑∞
=
       (5 .18)  
where  
          (5 .18a)  q(1)/q(1a^B^ 2k2kkk −+= )
or ,  s ince  q  =  exp( -πH),  
        πkHcotha^B^ kk = .       (5 .18b)  □
R5.3.  Because of (4.14) and (5.12),  the mapping function  g  has a 
ser ies  expansion of  the form 
          (5 .19)  ∑∞
=
ςπ+ς=ς
1k
k ,ksinc^)(g
where  the  coef f ic ien ts  a re  re la ted  to  those  of  (4 .14)  by  k^c
.c2c^ kk π=           (5 .19 .a )  
Fur thermore ,  because  of  (4 .14a)  and  (5 .16a)  ,  the  coef f ic ien ts  a re  k^c
re la ted  to  the  Four ie r  coeff ic ien ts  of  the  func t ion   by  u^
       .  Hksinc^a^ kk π=       (5 .19b)  □
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The  above  resu l t s  conta in  a l l  the  re la t ions  on  which  the  method  
o f  C h a l l i s  a n d  B u r l e y  [ 2 ]  i s  b a s e d .   ( T h e s e  r e l a t i o n s  a r e  d e r i v e d  i n   
[2 ]  by  so lv ing ,  by  the  method  o f  separa t ion  o f  va r iab les ,  two  harmonic  
mixed  boundary  va lue  problems in  the  rec tangle  R . )   The  resu l t s  a l so  H
show tha t  Algor i thm 4 .1  can  be  expressed ,  in  te rms  of  the  func t ions  
))(x^(,)(x^ ξτξ  and  the  conformal  module  H,  as  ind ica ted  be low.  
Algor i thm 5 .1  
( I )    Se t  
.)(x^ (0) ξ=ξ  
( I I )   Do s teps  (a ) ,  (b )  and  (c ) ,  wi th  n=0,1 ,2 , . . . ,  un t i l  convergence :  
 (a)  Compute the coefficients  of the trigonometric polynomial (n)ka^
 
           (5 .20)  ∑
=
ξπ=ξ
N
0k
(n)
k
)n( kcosa^)(T^
which  in te rpola tes  the  func t ion   a t  the  po in ts  ))(x^(
)n( ξτ
 =  r /N ;    r  =  0(1)N .  ξ r
Tha t  i s ,  
.kcos))(x^('
N
2a^ n)(
N
0r
(n)
k rr ξπξτ∑
=
=        (5 .20a)  
(b)  Compute  
(n)
n a^2
1H =  
.))(x^('
N
1
r
n)(
N
0r
ξτ∑
=
=       (5 .21)  
 (c )  Compute   the   va lues  
      (5 .22)  ∑−
=
+ =ξπ+ξ=ξ
1N
1k
r
(n)
krr
)1(n ,N(1)0r;ksinB^)(x^
where  
      □       (5 .22a)  .kHcotha^B^ (n)k
(n)
k nπ=
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~Hk
~aLet   and   be  respec t ive ly  the  f ina l  computed  va lues  of  the  co-
ef f ic ien ts  (5 .20a) ,  and  the  f ina l  approximat ion  to  the  conformal  module  
H.   Then ,  because  of  (5 .19) ,  the  approximat ion  to  the  conformal  map g  
i s  g iven  by  
           (5 .23)  ∑
=
ςπ+ς=ς
N
1k
k ,ksin
~c)(~g
where  
Hkcosec~a~c kk π=           (5 .23a)  
 
I t  tu rns  ou t  tha t  Algor i thm 5 .1  i s ,  in  fac t ,  p rec ise ly  the  a lgor i thm 
proposed  by  Chal l i s  and  Bur ley  [2] ,   This  fo l lows  a t  once  f rom the i r  
paper ,  by  observ ing  tha t  the i r  no ta t ions  f ,  α ,  γ ,  a  and  b  a re  re la ted  k
to  ours  by  
,))(x^(:)(,)(x^:)(,)x(:f(x) ξτ=ξγξ−ξ=ξατ=  
     a  :=  1  /H and  b   :=   kB^ .k
I n  o t h e r  w o r d s ,  t h e  a l g o r i t h m  o f  [ 2 ]  i s  j u s t  t h e  s p e c i a l  c a s e  o f  t h e  
s impl i f ied  Garr ick  Algor i thm 4 .1 ,  cor responding  to  a  func t ion  ρ  o f  2
the  fo rm (5 .7 ) .   There fore ,  the  resu l t s  o f  Theorems  3 .1  -3 .4  ho ld  and ,  
in  th i s  case ,  the  requi rements  (3 .16)  and  (3 .18)  of  the  εδ -condi t ion  
can  be  rep laced  respec t ive ly  by ,  
 
exp  {-πτ (x)}  ≤  m <  1  ,    x∈  [0 ,1]  ,       (5 .24)  
 
and  
'|τ (x) |  ≤  εδ  ,   x∈ [0 ,1]  ,        (5 .25)  
 
where  δ  i s  g iven  by  (4 .20a) .   I f  the  above  two requi rements  a re  sa t i s f ied ,  
with  some ε  <  1 ,  then the Jacobi  i terat ions of  Algori thm 5.1 converge 
{ } ,)(x^x^;)H,x^( N 0rr**** =ξ=l inear ly  to  a  un ique  so lu t ion     where  
 
;(1/N)0|HH|and(1/N)0||x^x^|| *** =−=−        (5 .26)  
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see  Theorem 3 .4 .   In  fac t ,  our  numer ica l  resu l t s  sugges t  tha t  the  above  
theore t ica l  p red ic t ions  a re  somewhat  pess imis t ic ;  see  Sec t ion  6 .  
In  the i r  paper  Chal l i s  and  Bur ley  do  not  present  any  theore t ica l  
resu l t s  concern ing  the  convergence  of  the  Jacobi  i t e ra t ions  or  the  
qua l i ty  of  the  computed  approximat ions .   Wi th  re fe rence  to  the  i t e r -
a t ions  they  s imply  s ta te  the  fo l lowing;  [2 ,  p .173] :  
"Some under - re laxa t ion  of  the  α  va lues  ( i . e .  the  va lues   ,)(x^ rr ξ−ξr
in  our  no ta t ion)  i s  necessary  in  some cases ,  and  he lps  to  speed  
convergence  in  o ther  cases .   Typica l ly  a  re laxa t ion  fac tor  of  
0 .5  must  be  used ,"  
However ,  our  numer ica l  exper iments  ind ica te  tha t  under - re laxa t ion  
i s  essen t ia l  for  the  convergence  of  the  i t e ra t ion  in  four  ou t  of  the  f ive  
examples  cons idered  in  [2] .   Fur thermore ,  in  th ree  of  these  examples  a  
re laxa t ion  fac tor  cons iderab ly  less  than  0 .5  i s  needed  to  g ive  as  
reasonable  ra te  of  convergence ;  see  Sec t ion  6 .   This  i s  no t  surpr i s ing ,  
s ince  a l l  the  curves  cons idered  in  [2]  do  not  sa t i s fy  an  εδ -condi t ion ,  
wi th  ε  <  1 .  
We end this section by observing that the equivalence of the conformal 
 maps g :  R →  G and f  :  A  →  Ω  pers is ts  in  the case where G has  the more H q
genera l  form 
G –{(x ,y)  :  0  <  x  <  1  ,  τ (x)  <  y  <  τ (x)}  ,      (5 .27)  1 2
 
wi th  τ (x)  <  τ (x) ,  x∈ [0 ,1] ;   see  [10 ,  p .  74] .   This  fo l lows  eas i ly  f rom 1 2
t h e  d i s c u s s i o n  a t  t h e  b e g i n n i n g  o f  t h e  s e c t i o n .   I t  a l s o  f o l l o w s  t h a t ,  
in this case,  the doubly-connected domain ft  is  bounded externally and 
in te rna l ly  by  the  two symmetr ic  curves  
 
∂Ω j  =  {w :  w =  ρ (θ )e i θ ,  0  ≤  θ  ≤  2π  ;  j  =  1 ,2      (5 .28)  j
 
where  
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 π ≤ ≤ ππτ−= θ0,)}/θ({exp)θ(ρ jj  
and              (5 .28a)  
.2θ)θ(ρ)θ2(ρ 1j π≤<π=−π  
 
Therefore ,  the  Garr ick Algori thm 3.1,  modif ied as  indicated in  Sect ion 4.1 ,  
can be appl ied direct ly  to  the problem of  determining the conformal  map 
g  :  R  →  G,  in  the  case  where  G has  the  more  genera l  form (5 .27) .  H
 
6 .  Numer ica l  examples
  The  examples  of  th i s  sec t ion  involve  the  use  of  Algor i thm 4 .1 ,  o r  
the equivalent Algorithm 5.1, for computing conformal modules of symmetric 
doubly-connected domains of the form (5.1).  However, we also present one 
example  involv ing  the  use  of  the  genera l  Garr ick  Algor i thm 3 .1 .  
The numerical results were computed on a Honeywell level 68 computer 
by H. Freter [3] and M. Modi [17],  two students at  Brunei University.   
They used programs writ ten in double-precision Fortran,  and performed  
the tr igonometric summations by means of the NAG Library FFT subroutine 
CO6FAF. 
In  present ing  the  resu l t s  we  use  the  fo l lowing  nota t ions :  
 
N:   Degree  of  in te rpola t ing  t r igonometr ic  po lynomia ls .  
 
M ,HN N  :   Corresponding approximations to the conformal modules M, H, 
 
 n :  Number  of  i t e ra t ions  needed  for  the  convergence  of  the  JOR wi th   w
re laxa t ion  parameter  w,  where  0  <  w ≤  1 .   (The  abbrevia t ion  JOR 
is  used  here  to  denote  the  Jacobi  method  wi th  under - re laxa t ion ,  
ra ther  than  over - re laxa t ion .   Of  course ,  w =  1  g ives  the  bas ic  
Jacobi  method  descr ibed  in  the  a lgor i thms)  .   Unless  o therwise  
s t a t e d ,  t h e  i t e r a t i o n  i s  t e r mi n a t e d  w h e n  t w o  s u c c e s s i v e  i t e r a t e s  
- 1 2to  M or  H d i f fe re  by  less  than  10
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w  :   "Bes t"  under - re laxa t ion  parameter  for  N=16,  ob ta ined  by  a  s imple  b
search  procedure  wr i t ten  by  Modi  [17] .  
 
R  :   Used  fo r  es t imat ing  the  ra te  o f  convergence  o f  the  sequences  o f  N
approximat ions  {M } or  {H }.  I f  the  exac t  va lues  of  M,  H are  N N
known then  we take  
R 2 N  =  |M N  –  M|  /  |M 2 N  –  M|  or  R 2 N  =  |H N  –  H |  /  |H 2 N  -  H |  .   
Otherwise ,  we  rep lace  M,  H by   were :  H^,M^
( i )   denote  accura te  approximat ions  to  M,  obta ined  by  an  M^
or thonormal iza t ion  method in  [18 ,19] ,  
( i i )   i s  our  mos t  accura te  computed  approximat ion  to  H,  H^
i . e .   where   i s  the  la rges t  va lue  of  N used .  N^^HH^ N=
 
Example  1 .      Algor i thm 5 .1  for  the  f ive  domains  cons idered  by  Chal l i s  
and  Bur ley  [2] .   That  i s  
 
        G =  {(x ,y)   :  0  <  x  <  1   ,   0  <  y  <  τ (x)} ,      (6 .1)  
where  
( i )  τ (x)  =  0 .25  +  0 .2sech 2  (2 .5x)  .  
 ( i i )  τ (x)  =  1 .5  +  x  .  
( i i i )  τ (x)  =  1  -  0 .25  cos  27πx .  
( iv )  τ (x)  =  1  +  0 .25  cos  2πx  .  
2 (v )  τ (x)  =  1  .25  -  (x-  0 .25)   .  
 
The  numer ica l  resu l t s  cor responding  to  ( i )  -  ( i i i )  and  (v)  a re  
l i s t e d  i n  T a b l e s  1  ( i )  -  ( i i i )  a n d  ( v )  r e s p e c t i v e l y .   ( A s  mi g h t  b e  
e x p e c t e d  t h e  r e s u l t s  fo r  ( i v )  a r e  e x a c t l y  t h e  s a me  a s  t h o s e  fo r  ( i i i ) . )  □
 
Before  present ing the resul ts  of  our  other  examples  we make the 
fo l lowing  remarks  concern ing  the  convergence  of  the  Jacobi  i t e ra t ions ,  
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the  choice  of  under—relaxa t ion  parameter  w,  and  the  convergence  of  the  
sequence  of  approximat ions  {H } .  N
Remark  1 .     Le t  G be  a  s imply—connected  domain  of  the  form (5 .1) ,  and  
le t  
    .             (6 .2)  |)x(|
1x0
psu:ε^ 'τ
≤≤
=
Then,  Theor .  3 ,4   guarantees  the  convergence  of  the  Jacobi  i t e ra t ions  
provided  tha t  
,1δε^ 1 <−                  (6 .3)  
{ }) .)x((exp
1x0
max τπ−
≤≤
- 1w h e r e  δ  i s  g i v e n  b y   ( 4 . 2 0 a )  w i t h  m =  F o r  t h e  
curves  of  Ex .  1  the  va lues  of   and  δε^ - 1  a re  as  fo l lows:  
( i )   =  0 .3849 ,    δε^ - 1   =  2 .7631 .    ( i i )  ^  =  1 .0  ,    δ - 1ε  =  1  .0005 .  
( i i i ) , ( iv )  :   =  1  .5708 ,   δε^ = 1 .0547 .     (v )  ^  =  1 .5  ,      δ- 1  - 1  ε = 1 .0816 .  
Tha t  i s ,  a l l  the  curves  o f  Ex .1  v io la te  the  convergence  c r i t e r ion  (6 .3 ) .  
Thus ,  wi th  re fe rence  to  the  numer ica l  resu l t s ,  i t  i s  no t  surpr i s ing  
tha t  the  Jacobi  i t e ra t ions  do  not  converge  in  the  four  cases  ( i i )  -  (v ) ,  
for  which  ^  ≥  1 .   For  the  curve  ( i )  however ,   i s  apprec iab ly  less  than  ε^ε
one  and  the  i t e ra t ions  converge  reasonably  fas t .   This  ind ica tes  tha t  
the  condi t ion  (6 .3)  can  be  ra ther  pess imis t ic ,  because  of  the  va lue  of  
δ - 1 .   Tha t  i s ,  i f   <  1  then  the  Jacobi  i t e ra t ions  may converge  rap id ly ,  ε^
even  i f  the  εδ -condi t ion  of  Theor .  3 .4  i s  no t  fu l f i l l ed .   □
 
Remark 2.    The resul ts  of  Ex.1,  and those of  several  other  experiments  
no t  presented  here ,  sugges t  
w =  1 / (1  +                  (6 ,4)  )ε^ 2
 
as  a  su i tab le  re laxa t ion  parameter  for  use  wi th  the  JOR.   For  example ,  
for  the  domains  (6 .1) ,  ( i )  -  (v ) ,  th i s  formula  g ives  respec t ive ly  the  
va lues  w =  0 .871 ,  0 .5 ,  0 .288 ,  0 .288  and  0 .296 ,  which  agree  c lose ly  wi th  
the  exper imenta l ly  de te rmined  "bes t"  under - re laxa t ion  parameters  w  .  b
(Our motivat ion for  experiment ing with (6 .4)  emerged from the theoret ical  
resu l t s  o f  Gutknecht  [9]  concern ing  the  convergence  of  the  Theodorsen  
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i t e ra t ion  for  the  mapping  of  s imply-connec ted  domains) .□  
 
Remark  3 .    The  func t ion  ρ (θ )  =  exp{-πτ (x)}  cor responding  to  the  curves  2
( i ) ,  ( i i )  and  (v)  of  Ex .  1  a re  on ly  p iecewise  d i f fe ren t iab le .   Thus ,  
a l though the  condi t ions  of  Theor .  3 .4  a re  no t  fu l f i l l ed ,  the  theorem 
indica tes  tha t  
|H N  -  H |   =   0 (1 /N)             (6 .5)  
 
might  be  t rue .   However ,  the  va lues  R  l i s ted  in  Tables  1( i )  ,  1  ( i i )  N
and  1(v)  sugges t  s t rongly  tha t  
|H  -  H |   =   0 (1 /N 2 )   .             (6 .6)  N
 
This  exper imenta l  observa t ion  i s  a l so  suppor ted  by  the  resu l t s  o f  the  
examples given below, and those of several  other experiments contained 
in  [3] .   Unfor tuna te ly ,  we  have  not  been  ab le  to  prove  (6 .6) .  
For  the domain (6.1  i i i )  ,  the  curve ∂Ω 2  :w = ρ (θ )e i θ  i s  analyt ic  2
a n d ,  i n  t h i s  c a s e ,  t h e  v a l u e s   l i s t e d  i n  T a b l e  1  ( i i i )  s u g g e s t  1/NNN RR^
−=
tha t  
N|H N  –  H |  =  0(α )  ,             (6 .7)  
 
where  0 .8  <  a  <  1  .   Of  course ,  exac t ly  the  same remark  appl ies  to  the  
domain  (6 .1  iv ) .□  
 
Example  2 .    Algor i thm 4 .1  for  the  fo l lowing  three  doubly-connec ted  
domains :  
( i )     Ω  =  In t (∂Ω )  ∩  Ext (∂Ω )  ,        (6 .8)  1 1
where  
 
∂Ω1  = {w : |w| = 1}  and   ∂Ω2  = {w : w = ρ (θ)eiθ  , 0 ≤  θ  ≤  2π} ,    (6 .8a)  2
      
wi th  
⎭⎬
⎫
⎩⎨
⎧ π−+=
2
)θ(cos5.0
8
5)θ(ρ2     .        (6 .8b)  
That  i s  Ω  i s  a  un i t  d i sc  wi th  a  card io id  shaped  hole ;  see  [19 ,p .  100]  .  
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( i i )  
  Ω  = {(X,Y) : |X| < 2.5, |Y| < 2.5} ∩ {w : |w| > 1 .0} .         (6 .9)
  
 
Tha t  i s  Ω  i s  a  square  o f  s ide  l eng th  5 .0 ,  wi th  a  c i rcu la r  ho le  o f  un i t  
rad ius ;  see  [18 ,p .691] .   ( In  th i s  case ,  Algor i thm 4 .1  must  be  modi f ied  
in  an  obvious  manner  to  take  care  of  the  fac t  tha t  the  inner ,  and  not  
the  ou ter ,  boundary  i s  c i rcu la r . )  
( i i i )  
Ω  = {w: |w| < 1 .0} ∩ {(X,Y) : |x| > 0.5, |Y| > 0.5} .     (6 .10)  
 
That  i s  Ω  i s  a  un i t  d i sc  wi th  a  square  ho le  of  s ide  length  1 .0 ;   see  
[18 ,p .694]  .  
For each of the above domains  = 1 .0, where now ε^
 
)θ(ρ/)θ(ρ
θ0
sup:ε^ 2
'
2π≤≤
=  .         (6 .11)  
 
Thus ,  fo l lowing  the  observa t ion  of  Remark  2 ,  we  per form the  i te ra t ions  
by applying under-relaxat ion with w = 0.5.   The numerical  resul ts  obtained 
a re  l i s ted  in  Tables  2( i ) -2( i i i ) .   □
 
Example  3 .    Algor i thm 3 .1  s impl i f ied  as  descr ibed  in  Sec t ion  3 .1  for  
the  square  f rame 
 
Ω = {(X,Y) : |x| < 1 , |Y| <1} ∩ {(X,Y): |x| > a , |Y| > a ; a < 1} .   (6.12)    
 
Here  the  i t e ra t ions  a re  per formed by  apply ing  under - re laxa t ion  
- 8  wi th  w =  0 .5  and  us ing  10 ,  ins tead  of  10 - 1 2  ,  as  t e rmina t ion  c r i te r ion .  
The  numer ica l  resu l t s  cor responding  to  the  va lues  a  =  0 .2 ,  0 .5  and  0 .8  
a re  l i s ted  in  Tables  3( i )  -  ( i i i )  respec t ive ly .□  
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TABLE  1 
2(i)   τ(x)  =  0.25 +  0.2 sech  (2.5x) 
 = 0.894 wb
 
N n n n H R1 . 0 0 . 5 w b N N
8 20 32 19 0.312 412 411 - 
16 20 31 17 0.312 436 037 3.8 
32 20 31 17 0.312 442 327 4.0 
64 20 31 17 0.312 443 901 4.0 
128 20 31 17 0.312 444 294 4.0 
256 20 31 17 0.312 444 393 4.2 
512 20 31 17 0.312 444 417 4.4 
1024 20 31 17 0.312 444 424 - 
      
 
(ii)  τ(x) = 1.5 + x 
Exact H   =   1.779 359  959;    [1].  
w =   0 .4 5 0 b       
 
N n n n H R1 . 0 0 . 5 w b N N
8 d 56 60 1.777 332 776 - 
16 d 62 57 1.777 849 844 4.0 
32 d 62 58 1.779 232 217 4.0 
64 d 58 62 1.779 328 010 4.0 
128 d 62 62 1.779 351 971 4.0 
256 d 62 62 1.779 357 962 4.0 
512 d 62 53 1.779 359 460 4.0 
1024 d 62 
 
62 1.779 359 834 4.0 
 
 
 
     d  :     The i terat ion does not  converge.  
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(ii i)    (x)  =  1  -   0.25 cos  (2πx) 
wb  =  0 . 2 9 3  
2/N
NN RR^
−=  N n n n H1 . 0 0 . 5 w b N
8 104 54 81 0.873 139 197 963 - 
16 d 105 85 0.866 080 847 503 0.83 
32 d 203 109 0.869 396 169 077 0.89 
64 d 216 103 0.864 113 335 178 0.93 
128 d 194 103 0.864 087 604 097 0.95 
256 d 194 103 0.864 086 767 469 0.96 
512 d 194 103 0.864 086 763 146 - 
1024 d 194 
 
103 0.864 086 763 146 - 
 
 
2(v)    τ  (x)   =  1.25  -  (x-0.25)  
wb    =   0.298 
 
n n H RN n1 . 0 0 . 5 w b N N
8 d 97 93 0.969 915 579 - 
16 d 117 80 0.970 314 993 3.0 
32 d 103 85 0.970 459 144 3.7 
64 d 125 79 0.970 499 045 3.9 
128 d 125 84 0.970 509 396 4.0 
256 d 125 84 0.970 512 022 4.2 
512 d 125 84 0.970 512 682 5.0 
1024 d 125 84 0.970 512 847 - 
□
33 
 
 
TABLE 2 
(i)  Disc with cardioid shaped hole;   Eq.  (6.8) .  
Comparison value:   = 1.196 339 075;   [19] M^
 
 
 
N n M R 0 . 5 N N
8 37 1.205 112 270 -  
 16 43 1.198 257 181 4.6 
 32 41 1.196 809 217 4.1 
 
64 39 1.196 457 208 4.0 
128 40 1.196 368 849 4.0 
256 40 1.196 346 572 4.0 
512 40 1.196 340 959 4.0 
1024 40 1.196 339 548 4.0 
 
(ii)square with circular hole;  Eq. (6.9)
Comparison value:  =2.696 724 431;  [18]. M^
M RN n0 . 5 N N
8 36 2.700 726 343 - 
16 35 2.697 743 864 3.9  
32 40 2.696 982 789 3.9 
64 39 2.696 789 629 4.0 
128 38 2.696 740 835 4.0 
256 38 2.696 728 550 4.0 
512 38 2.696 725 464 4.0 
1024 38 2.696 724 690 4.0 
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(i i i)     Disc with square hole;  Eq. (6.10).  
Comparison value: M = 1.691 564 903; [18]. 
 
 N n M R0 . 5 N N 
 8 41 1.689 012 511 - 
 16 47 1.690 899 766 3.9  
32 48 1.691 396 274 4.0          
64 49 1.691 522 547 4.0 
128 44 1.691 554 297 4.0  
256 51 1.691 562 250 4.0  
512 46 1.691 564 239 4.0  
 1024 46 1.691 564 737 4.0  
                    □  
          
TABLE 3
Square frame;  Eq. (6.11). 
(i)  a = 0.2. Exact M = 4.570 860*     (i i)  a = 0.5. Exact M = 1 .847 709 
N n M R N n M R0 . 5 N N 0 . 5 N N
36 27 4.574 809 - -  23 1.849 281 - 
72 30 4.571 867 3.9 72 30 1.848 110 3.9 
144 33 4.571 115 3.9 144 24 1.847 811 3.9 
288 27 4.571924 4 288 22 1.847 734 4.1 
  
 
(i i i)  a=0.8. Exaxt M =1.201 453*
N n M R0 . 5 N N
36 27 1.202 399 - 
72 26 1.201 691 4.0 
144 20 1.201 513 4.0 
288 28 1.201 468 4.0 
See [1].  □  
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